Economics 1011a
Professor Andrew Metrick

Section 0: Math Review
1. Partial Derivatives
2. Total Differential
3. Implicit Functions
4. Constrained Maximization: Lagrangian and Lagrange Multipliers

1. Partial Derivatives
Definition: Given a function of two variables f(z,y), we define its partial
derivative with respect to (say) x at the point (Z,y) the quantity:

ox h—0
Remarks: The partial derivative of f(z,y) with respect x:

- is defined to be the derivative of the function f(z,y) for fized y (so that
f(z,7) is a function of x only).

- can be intuitively described as the marginal increment of f along the
x-axis (use a picture)

- is still a function of (z,y).

Example: If:
f(z,y) = 32° + 227y + 49
Then 5 9
—f:9x2+4xy; —f:2x2+8y
Ox Jy

Notice that the partial derivative is still a function, we can therefore take
the partial derivative of a partial derivative (which is called second order
partial derivative) as follows (in the example):

O*f  092% + 4y
or? Oz

0?f O[22 + 8y|
=18 4y; = =38




and
O*f  0[2x* + 8y dp— 092 +4xy]  O*f

oydxr ox Jy — 0xz0y
Notice that the second order cross partial derivatives are the same. This is
indeed always the case (under very general conditions). The theorem which
proves this fact is called Young’s Theorem.

2. Total Differential
Given a function of n variables f(z1, .., x,), we define the total differential

by:
aof aof 8f = of
U= pay it gy et ¥ gy din = 2 5 -das

So, for example, if we have a function:

Fla,y,2) = 2% + V2

we have that its total differential is:

of ... 9f of
df = —dy + —dz 2
/ 8x 8y + 0z )
az® YyPdr 4 BxyP dy + —dz (3)
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3. Implicit Functions
Notice that contour lines (indifference curves in utility theory) of a func-
tion f(z,y) have the following equation:

f(xr,20) =k (4)

where £k is a constant (the “utility level”). Also, this last expression implicitly
defines a function

x2 = g(x1)
that is, a function that assigns a value of z5 at every z;. To find the derivative
d,Tl ’
—_— = x
A

we can simply take the total differential of (4). Notice that on the RHS we
have zero, while on the LHS we have ﬂdml + %dxg, so that:

8f d$1 + ﬁdﬂ?g =0
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which implies

of
dxg _ 9z
_— = i
dl’l _8w2

In utility theory we call —% Marginal Rate of Substitution

4. Un/Constrained Maximization
Recall that the FOC (Necessary Condition) for a unconstrained maximum
problem:

max f(x)
1S
f(z) =0.
The sufficient condition for a maximum is
f"(z) <.
For a manimum is instead
" >0.

(Give quick intuition since we have df = f'(z)dz, if x is optimum, we must
have df < 0. Since dz can be positive or negative, it must be the case that
at an optimum f’(z) = 0.)

In the multivariable case, we have:

max f(z1,..., %)

T1,...,Nn
and FOC are 5
a:{i =0 Vi=1,.,n.

(Again, intuition is that we can write df =Y f, dz;, if a vector (x1, .., 2,) is
a maximum, we must have df < 0. Since we can choose the dz;s, it must be
the case that f,, = 0 for all 7)

The sufficient conditions for a maximum or a minimum are analogous to
the ones for the one-variable case, but they are a bit more involved and are
not given here.

For constrained mazximization problems:

max f(xq,..,T,)

L1y



subject to
g(x1, .y zy) = (5)
we form the Lagrangian:

L(z1,.ciTp, N) = f(21, ., T0) + AMe— g(z1, ..., 20))

and then we just maximize it, that is we find its FOC:

oL —of | Og _0
oL
N =c—g(z1,....z,) =0

Again, second order conditions exist but we do not require their explicit
knowledge here.

Intuition for the Lagrangian Method: suppose you have the following max
problem:

max f(z,y) st glz,y) =c

As we have seen, g(x,y) = ¢ defines (under general conditions) a function
y = G(z,c) and we know that dy/dx = G5 = —g./g,. So, substitute for y
into f to get

max f(z, G(, )

and take FOC:

fm+fme:O — fm_fy&:()

9y
Define
N7
9y
to get
fa: - Agw =0

Since we could do all the above considering a function z = H(y, ¢), we have
that both the FOC we have seen must hold.
On the interpretation of the Lagrange multiplier A:




It can be interpreted as the marginal gain in the function f for a marginal
change in the constraint ¢. Consider for example the following trivial example
with one variable and one constraint:

maxu(z) = 'z

st.x=1=236

The solution to this max problem is obvious, but let’s solve it by using the
method of Lagrange Multipliers:

L=\z+\36—1x)

so that or )
o 2yz
oL
5—36—m—0

so that the solution is (obviously) = = 36. From the first equation we also

get:
1 1 1
>\ = — = —— = — Y .
2v/36 2-6 12 0.083

What if I = 377 We would get the solution is z = 37 and
u(37) = V37 ~ 6.083 = u(36) + X

Notice then that, as we said, A gives the marginal increment in the optimal
value of the objective function for a marginal increment in the constraint.
In general, notice that from the FOC to the problem we have

In _fo_ _Jw_,

9z, G 9z,

To interpret this equation, consider a marginal increment in ¢, say dc. Taking
the total differential of the constraint we get:
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and suppose now that we decide to move only the variable x;. So we have:

on; = 0fori>2

(j—xgldxl = dc
or dxl 1
de g,
Hence we get: ; .
x1 T
A= g_wl = fmld—c

which is the marginal benefit to f via a change in x; due to a marginal
change in ¢. Hence, at an optimum we must have that the for a given
marginal change in ¢ the marginal benefit to f is the same for every variable
x; and, in particular, equal to .



