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41 Sduwldo Ghulydwlyhv
Gh�qlwlrq= Jlyhq d ixqfwlrq ri wzr yduldeohv sE%c +�/ zh gh�qh lwv sduwldo

ghulydwlyh zlwk uhvshfw wr +vd|, % dw wkh srlqw E7%c 7+� wkh txdqwlw|=

Ys

Y%
E7%c 7+� ' *�4

�<f

sE7%n �c 7+�� sE7%c 7+�

�
+4,

Uhpdunv= Wkh sduwldo ghulydwlyh ri sE%c +� zlwk uhvshfw %=

0 lv gh�qhg wr eh wkh ghulydwlyh ri wkh ixqfwlrq sE%c 7+� iru �{hg 7+ +vr wkdw
sE%c 7+� lv d ixqfwlrq ri % rqo|,1

0 fdq eh lqwxlwlyho| ghvfulehg dv wkh pdujlqdo lqfuhphqw ri s dorqj wkh
%0d{lv +xvh d slfwxuh,

0 lv vwloo d ixqfwlrq ri E%c +�1

H{dpsoh= Li=
sE%c +� ' �%� n 2%2+ n e+2

Wkhq
Ys

Y%
' b%2 n e%+(

Ys

Y+
' 2%2 n H+

Qrwlfh wkdw wkh sduwldo ghulydwlyh lv vwloo d ixqfwlrq/ zh fdq wkhuhiruh wdnh
wkh sduwldo ghulydwlyh ri d sduwldo ghulydwlyh +zklfk lv fdoohg vhfrqg rughu
sduwldo ghulydwlyh, dv iroorzv +lq wkh h{dpsoh,=

Y2s

Y%2
'

Ydb%2 n e%+o

Y%
' �H%n e+(

Y2s

Y+2
'

Yd2%2 n H+o

Y+
' H
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dqg
Y2s

Y+Y%
'

Yd2%2 n H+o

Y%
' e% '

Ydb%2 n e%+o

Y+
'

Y2s

Y%Y+

Qrwlfh wkdw wkh vhfrqg rughu furvv sduwldo ghulydwlyhv duh wkh vdph1 Wklv lv
lqghhg dozd|v wkh fdvh +xqghu yhu| jhqhudo frqglwlrqv,1 Wkh wkhruhp zklfk
suryhv wklv idfw lv fdoohg \rxqj*v Wkhruhp1

51 Wrwdo Gl�huhqwldo
Jlyhq d ixqfwlrq ri ? yduldeohv sE%�c ��c %?�/ zh gh�qh wkh wrwdo gl�huhqwldo

e|=

_s '
Ys

Y%�
_%� n

Ys

Y%2
_%2 n ��� n

Ys

Y%?
_%? '

?[

�'�

Ys

Y%�
_%�

Vr/ iru h{dpsoh/ li zh kdyh d ixqfwlrq=

sE%c +c 5� ' %k+q n
s
5

zh kdyh wkdw lwv wrwdo gl�huhqwldo lv=

_s '
Ys

Y%
_%n

Ys

Y+
_+ n

Ys

Y5
_5 +5,

' k%k3�+q_%n q%k+q3�_+ n
�

2
s
5
_5 +6,

61 Lpsolflw Ixqfwlrqv
Qrwlfh wkdw frqwrxu olqhv +lqgl�huhqfh fxuyhv lq xwlolw| wkhru|, ri d ixqf0

wlrq sE%c +� kdyh wkh iroorzlqj htxdwlrq=

sE%�c %2� ' & +7,

zkhuh & lv d frqvwdqw +wkh �xwlolw| ohyho�,1 Dovr/ wklv odvw h{suhvvlrq lpsolflwo|
gh�qhv d ixqfwlrq

%2 ' }E%��

wkdw lv/ d ixqfwlrq wkdw dvvljqv d ydoxh ri %2 dw hyhu| %�1 Wr �qg wkh ghulydwlyh

_%�
_%2

' }�E%��

zh fdq vlpso| wdnh wkh wrwdo gl�huhqwldo ri +7,1 Qrwlfh wkdw rq wkh UKV zh
kdyh }hur/ zkloh rq wkh OKV zh kdyh Ys

Y%�
_%� n

Ys

Y%2
_%2/ vr wkdw=

Ys

Y%�
_%� n

Ys

Y%2
_%2 ' f
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zklfk lpsolhv
_%2
_%�

' �
Ys

Y%�
Ys

Y%2

Lq xwlolw| wkhru| zh fdoo �_%2
_%�

Pdujlqdo Udwh ri Vxevwlwxwlrq

71 Xq2Frqvwudlqhg Pd{lpl}dwlrq
Uhfdoo wkdw wkh IRF +Qhfhvvdu| Frqglwlrq, iru d xqfrqvwudlqhgpd{lpxp

sureohp=
4@ 

%
sE%�

lv
s �E%� ' f�

Wkh vx!flhqw frqglwlrq iru d pd{lpxp lv

s ��E%� 	 f�

Iru d plqlpxp lv lqvwhdg
s �� : f�

+Jlyh txlfn lqwxlwlrq vlqfh zh kdyh _s ' s �E%�_%/ li % lv rswlpxp/ zh pxvw
kdyh _s � f1 Vlqfh _% fdq eh srvlwlyh ru qhjdwlyh/ lw pxvw eh wkh fdvh wkdw
dw dq rswlpxp s �E%� ' f1,

Lq wkh pxowlyduldeoh fdvh/ zh kdyh=

4@ 
%�c���c??

sE%�c ���c %?�

dqg IRF duh
Ys

Y%�
' f ;� ' �c ��c ?�

+Djdlq/ lqwxlwlrq lv wkdw zh fdq zulwh _s '
S

s%�_%�/ li d yhfwru E%�c ��c %?� lv
d pd{lpxp/ zh pxvw kdyh _s � f1 Vlqfh zh fdq fkrrvh wkh _%�v/ lw pxvw eh
wkh fdvh wkdw s%� ' f iru doo �,

Wkh vx!flhqw frqglwlrqv iru d pd{lpxp ru d plqlpxp duh dqdorjrxv wr
wkh rqhv iru wkh rqh0yduldeoh fdvh/ exw wkh| duh d elw pruh lqyroyhg dqg duh
qrw jlyhq khuh1

Iru frqvwudlqhg pd{lpl}dwlrq sureohpv=

4@ 
%�c��c%?

sE%�c ��c %?�
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vxemhfw wr
}E%�c ���c %?� ' S +8,

zh irup wkh Odjudqjldq=

OE%�c ��c %?c b� ' sE%�c ��c %?� n bES� }E%�c ���c %?��

dqg wkhq zh mxvw pd{lpl}h lw/ wkdw lv zh �qg lwv IRF=

YO
Y%�

'
Ys

Y%�
� b

Y}

Y%�
' f

YO
Yb

' S� }E%�c ���c %?� ' f

Djdlq/ vhfrqg rughu frqglwlrqv h{lvw exw zh gr qrw uhtxluh wkhlu h{solflw
nqrzohgjh khuh1

Lqwxlwlrq iru wkh Odjudqjldq Phwkrg= vxssrvh |rx kdyh wkh iroorzlqj pd{
sureohp=

4@ 
%c+

sE%c +� v1w1 }E%c +� ' S

Dv zh kdyh vhhq/ }E%c +� ' S gh�qhv +xqghu jhqhudo frqglwlrqv, d ixqfwlrq
+ ' CE%c S� dqg zh nqrz wkdw _+*_% ' C% ' �}%*}+1 Vr/ vxevwlwxwh iru +
lqwr s wr jhw

4@ 
%

sE%cCE%c S��

dqg wdnh IRF=

s% n s+C% ' f +, s% � s+
}%
}+

' f

Gh�qh

b '
s+
}+

wr jhw
s% � b}% ' f

Vlqfh zh frxog gr doo wkh deryh frqvlghulqj d ixqfwlrq % ' ME+c S�/ zh kdyh
wkdw erwk wkh IRF zh kdyh vhhq pxvw krog1

Rq wkh lqwhusuhwdwlrq ri wkh Odjudqjh pxowlsolhu b=
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Lw fdq eh lqwhusuhwhg dv wkh pdujlqdo jdlq lq wkh ixqfwlrq s iru d pdujlqdo
fkdqjh lq wkh frqvwudlqw S1 Frqvlghu iru h{dpsoh wkh iroorzlqj wulyldo h{dpsoh
zlwk rqh yduldeoh dqg rqh frqvwudlqw=

4@ 
%

�E%� '
s
%

v1w1 % ' U ' �S

Wkh vroxwlrq wr wklv pd{ sureohp lv reylrxv/ exw ohw*v vroyh lw e| xvlqj wkh
phwkrg ri Odjudqjh Pxowlsolhuv=

O '
s
%n bE�S� %�

vr wkdw
YO
Y%

'
�

2
s
%
� b ' f

YO
Yb

' �S� % ' f

vr wkdw wkh vroxwlrq lv +reylrxvo|, % ' �S1 Iurp wkh �uvw htxdwlrq zh dovr
jhw=

b '
�

2
s
�S

'
�

2 � S '
�

�2
� f�fH�

Zkdw li U ' �.B Zh zrxog jhw wkh vroxwlrq lv % ' �. dqg

�E�.� '
s
�. � S�fH� ' �E�S� n b

Qrwlfh wkhq wkdw/ dv zh vdlg/ b jlyhv wkh pdujlqdo lqfuhphqw lq wkh rswlpdo
ydoxh ri wkh remhfwlyh ixqfwlrq iru d pdujlqdo lqfuhphqw lq wkh frqvwudlqw1

Lq jhqhudo/ qrwlfh wkdw iurp wkh IRF wr wkh sureohp zh kdyh

s%�
}%�

'
s%2
}%2

' ��� '
s%?
}%?

' b

Wr lqwhusuhw wklv htxdwlrq/ frqvlghu d pdujlqdo lqfuhphqw lq S/ vd| _S1 Wdnlqj
wkh wrwdo gl�huhqwldo ri wkh frqvwudlqw zh jhw=

?[

�'�

Y}

Y%�
_%� ' _S
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dqg vxssrvh qrz wkdw zh ghflgh wr pryh rqo| wkh yduldeoh %�1 Vr zh kdyh=

Y?� ' f iru � � 2
Y}

Y%�
_%� ' _S

ru
_%�
_S

'
�

}%�

Khqfh zh jhw=

b '
s%�
}%�

' s%�
_%�
_S

zklfk lv wkh pdujlqdo ehqh�w wr s yld d fkdqjh lq %� gxh wr d pdujlqdo
fkdqjh lq S1 Khqfh/ dw dq rswlpxp zh pxvw kdyh wkdw wkh iru d jlyhq
pdujlqdo fkdqjh lq S wkh pdujlqdo ehqh�w wr s lv wkh vdph iru hyhu| yduldeoh
%� dqg/ lq sduwlfxodu/ htxdo wr b1
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